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Abstract—The singularity dynamics of two immiscible fluids in a Hele-Shaw cell
is studied using the traveling wavelet method. The singularities of the conformal
mapping of the flow are accurately approximated by the solutions of a system of
ordinary differential equations for the position of couples of zeros and poles. This
model also describes secondary tip-splitting instabilities and remains valid for
values of the surface tension and time intervals where previous perturbative
calculations do not apply. © 1999 Academic Press
1. INTRODUCTION
Wavelet bases appear to be a well adapted tool for the implementation of adaptive
methods for the numerical integration of PDE’s, particularly when the solutions of the
latter display strong gradients. An extreme version of adaptivity is at the basis of the
so called “traveling wavelets” method [2] (in the following TWM), where both the
position and the scale of the wavelets can change continuously in time. Although very
attractive in its principle, C. Basdevant and colleagues encountered some difficulties
in its application to nonlinear problems, where they found that the “atoms” of the
decomposition can collide, leading to an ill-defined problem. In this note, we report
on numerical experiments performed using exactly the same method as in Ref. [2] for
a nonlinear problem, namely the time evolution of the interface separating to inmis-
cible fluids in a quasi-two dimensional geometry (the so-called Hele–Shaw cell). It is
remarkable that, for this particular problem, the TWM allows the singularity descrip-
tion (described below) of the interface in a very accurate way, and seems to be the
only numerical method available for this purpose. The following is an abbreviated
version of Ref. [6].
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II. THE TRAVELING WAVELET METHOD
The TWM seeks an (approximate) solution of the evolution problem
­t f~j, t! 5 ^~ f~j, t!! (1)
under the form
f~j, t! 5 O
k51
N
ck~t!w~~j 2 bk~t!!/ak~t!!, (2)
where the function w(j) is some wavelet function, j is the “space” variable and N is some
appropriate number determining the accuracy of the approximation. The symbol ^( f )
stands for some nonlinear operator, and the time derivative of the coefficients ak(t), bk(t)
and ck(t) is, in principle, determined by the solution of the minimization problem
min
a˙k,b˙k,c˙k
E
j{C
u­t f~j, t! 2 ^~ f~j,t!!u2dj, (3)
C being the domain of variation of the j variable. Several difficulties arise when applying
this method, particularly when the minimization problem has several solutions (in Ref. [2],
this situation corresponds to a “collision” of two atoms i and j, i.e., (ai(t)/aj(t)) 3 1 and
(bi(t)2bj(t))/ai(t) 3 0). It turns out that for the particular evolution equation studied
here, this non-invertibility condition is only met at t 5 0. We will see below that the
“atoms” tend to separate, thus avoiding any possible collision.
III. MODELING OF THE INTERFACE MOTION IN A HELE–SHAW CELL
The mathematical model used here to model the interface dynamics of two inmiscible
fluids confined in a Hele–Shaw cell (i.e., a quasi two-dimensional geometry) is given by
the equations:
Dp~ x, t! 5 0 ~ x { exterior of G~t!!, (4)
p~ x, t! 5 0 ~ x { interior of G~t!!, (5)
p~ x, t! 5 T z curvature ~ x { G~t!!, (6)
­tG~ x, t! 5 2¹p~ x, t! z n, (7)
where G( x, t) is the interface separating the two fluids, p( x, t) is the pressure field, T is
the surface tension parameter, and n is the normal to the interface. Owing to the presence
of the Laplace equation in the problem, it is more convenient to work with the conformal
mapping f(j, t) such that the image of the unit circle uju 5 1 is G(t), and the image of
j 5 0 is sent to infinity. It is not difficult to write the evolution equation for f(j, t), and
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address the reader to Ref. [9] for a detailed account of this step. The resulting equation can
be written under the symbolic form of Eq. (1), where the operator ^ is a nonlinear integral
operator involving the Poisson kernel. As shown in Ref. [9], only the partial derivative
­j f(j, t) appears in this equation (^( f ) 5 ^˜ (­j f )), so that it is more convenient to work
with the equivalent evolution equation
­t~log ­j f~j, t!! 5 ­j^˜ ~­j f !/­j f. (8)
The analogue of the decomposition (2) used here is
­j f~j, t! 5
A~t!P
i51
N
~j 2 zi~t!!
j2 P
i51
N9
~j 2 pi~t!!
, (9)
where the j22 dependency is added in order to ensure that the origin j 5 0 is mapped to
infinity. The “atoms” used in this decomposition are the Cauchy wavelets. Thanks to the
Runge’s theorem [4], it is easy to prove that this family of functions is actually dense. For
the sake of simplicity, we will assume in the following that N 5 N9.
It is easy to see that the conformal property of f(j, t) is equivalent to require that
O
i51
N 1
zi~t!
5 O
i51
N 1
pi~t!
. (10)
This implies that the minimization problem determining the evolution equations for the
position of the zeros and poles
min
A˙ ,z˙i,p˙i
E
j{C
u­t log~­j f~j, t!! 2 ­j^˜ ~­j f !/­j fu2dj, (11)
has to be constrained in order to satisfy Eq. (10). The later condition is, however, easily
taken into account by eliminating any of the zeros or poles (by use of Eq. (10)), the
minimization being thus with respect to the remaining degrees of freedom. The particular
form of Eq. (11) allows a simple solution of the minimization problem, and the resulting
equations can be written under the symbolic form }(X)X˙ 5 F(X), where X stands for the
set of unknowns, }(X) is some 2N 3 2N matrix, and F(X) is mainly composed of scalar
products of the r.h.s. of the evolution equation (8) with the atoms of the decomposition.
IV. NUMERICAL IMPLEMENTATION
Given some initial interface G(0), the first step is the computation of a conformal
mapping. This is done by numerically solving the Banin’s equation (cf. [7]). Its approx-
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imation by an appropriate combination of Cauchy wavelets boils down to a standard Pade´
approximation, as described for instance in Ref. [3]. This fixes the initial values A(0),
zi(0), pi(0), i 5 1, . . . , N. However, it is crucial for the success of the method that more
wavelets are added to this initial set, with the constraint that the additional singularities
preserve the approximation obtained through the Pade´’s method. To understand this point,
it should be noted that, when the surface tension parameter is zero (a condition never met
in actual experiments, but useful in numerical computations), the particular form (9) is
actually an exact solution of the problem. This means that the number of singularities is
constant in time for the particular solutions (9). On the other hand, when surface tension
is present, perturbative calculations mainly due to Tanveer [9] show that this number
increases in time, that is, additional singularities appear as the growth of the interface
proceeds. To take into account this phenomenon, we perform a Pade´ analysis of ^˜ (­j f(j,
t 5 0)), obtaining a new set of zeros and poles, z9i(0), p9i(0), i 5 1, . . . , N9.
Consequently, the initial condition we use in the simulations is a set of N 1 2N9 couples
of zeros and poles, with zi(0) 5 z9i2N(0) 5 pi(0), i 5 N 1 1, . . . , N 1 N9, and zi(0)
5 p9i2N2N9(0) 5 pi(0), i 5 N 1 N9 1 1, . . . , N 1 2N9. The main drawback of this
representation is the fact that the matrix M is not invertible for this particular function.
More precisely, only the differences z˙i 2 p˙i, i 5 N 1 1, . . . , N 1 2N9 are determined
by the minimization problem. We have tried several prescriptions to remove this unde-
terminacy, and reached the conclusion that the subsequent dynamics is not very sensitive
to them.
Time stepping is done using a standard adaptive time-step Runke–Kutta method. All the
computations of the scalar products involved in the vector F(X) have been done using
spectral approximations in Fourier space. It is worth emphasizing that the numerical
method, in its actual state, is (much) slower than other existing methods for the same
problem. As pointed out below, our main motivation is to understand the patterns
generated during the growth process rather than obtaining an efficient (fast) numerical
method.
V. NUMERICAL RESULTS
In Fig. 1b, we represent the time evolution of an initial interface that can be described
exactly by two couples of zeros and poles. This time evolution has been computed using
the algorithm described in Ref. [8]. In the same figure, it is represented (in dashed line)
the approximation yield by the TWM when adding seven couples of zeros and poles to the
two initial couples. As can be seen, the agreement is fair even in the protruding regions
(called “fjords” in the physical literature) that correspond to poles approaching closely the
unit circle (the numbering of these regions has been added in order to make clear the
correspondence between the physical interface, Fig. 1b, and its representation by a
conformal mapping, Fig. 1a). From this example, it becomes clear that the TWM works
in this problem because the atoms (that can be identified with the poles) tend to separate
as much as possible, thus avoiding any collision event at the origin of the difficulties
encountered by the first applications of the method (cf. [2]). The origin of this repulsion
is clearly due to the surface tension term, that prevents the formation of any details below
the so-called capillary length.
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Besides the fact that the method provides with a good approximation of the
solutions of the problem, it should be stressed that it also yields a wealth of significant
new information about the singularity dynamics. Here, we will quote some of these
new facts, and refer the reader to Ref. [6] for a more detailed discussion. The method
considered here is non perturbative in T (the surface tension parameter), and describes
the singularity dynamics for intervals of time long enough so that “secondary”
singularities (in Fig. 1a, those numbered from 6 to 8) come into play. The new
singularities clearly organize into well defined couples of zeros and poles, and this
approximation takes into account what previously had been defined as a “cluster of 243
singularities” [9]. This fact explains early measurements of the singularity exponent
by Dai et al. [5] that yield values much closer to 21 than 243. Our simulations also
show that even the secondary singularities come from a close neighborhood of the
singularities of the initial condition, and not from zeros located at infinity as previ-
ously suggested [1]. Finally, the present method seems to open a new way to further
characterize the spatial shapes observed during the growth of the interface, simply
because the latter is determined by the asymptotic position of the singularities in the
complex plane, for which the TWM yields explicit equations.
FIG. 1. (a) Time evolution of the nine zero-pole couples approximating the initial condition ­j f(j, 0) 5
(j 2 1.4)(j 2 1.4=21)/(j 2 1.3)/(j 2 p2(0))/j2 with surface tension T 5 0.01 ( p2(0) is given in the text).
Zeros (resp. poles) are represented by circles (resp. squares). The symbols belonging to the same trajectory are
connected by a continuous line. Their size decreases in time to indicate the direction of the trajectory. (b)
Comparison between the reconstructed interfaces (dashed line, tmax 5 16) corresponding to the singularities
represented in (a) and the exact interface (continuous line, tmax 5 28).
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